We have redone a recent two-loop computation of the critical mass for Wilson fermions in lattice QCD by evaluating Feynman integrals with the coordinate-space method. We present the results for different types of infrared regularization. We confirm both the previous numerical estimates and the power of the coordinate-space method whenever high accuracy is needed.
Introduction
The lattice formulation is at present the best tool for a nonperturbative study of QCD. Its most widely used implementation is due to Wilson [1] . Here, the lattice fermion doubling problem is solved by the introduction of a formally irrelevant second-order term that gives a mass of the order of the cut-off to the doublers. This term explicitly breaks chiral invariance and therefore the limit of zero mass can be obtained only by a fine tuning, which is to say that the bare and the renormalized quark mass no longer vanish together. Nowadays, there are new formulations in which a form of chiral invariance is preserved at the cost of a nonlocal action (see, for example, the recent reviews [2, 3, 4] and references therein). Even though this represents a very important progress from a conceptual point of view, it is not clear if the new formulations can become practical for numerical simulations.
In the Wilson formulation, the breaking of chiral invariance gives rise to severe technical difficulties. Indeed, operators that have the correct chiral properties are obtained as sums of many different lattice bare operators multiplied by suitable renormalization constants. In principle, such constants should be computed nonperturbatively. In practice, this is often difficult and thus one resorts to perturbation theory.
Lattice perturbation theory is particularly complicated because of the loss of Lorentz invariance and at present a two-loop calculation represents a formidable task. For one-loop computations a completely general algebraic algorithm was introduced in Ref. [5] for the pure gauge theory and extended in Ref. [6, 7] to include Wilson fermions. This algorithm allows to express every one-loop integral with gluon and Wilson-fermion propagators in terms of a small number of basic constants that can be computed with arbitrary precision [6] . For two-loop calculations a powerful method was introduced by Lüscher and Weisz [8] for the pure gauge theory, the so-called coordinatespace method. Its generalization to full QCD is again a nontrivial task. Some general ideas were presented in Ref. [9] and will be extensively illustrated elsewhere [10] .
Here, we present the first two-loop computation with the coordinatespace method in lattice QCD with fermions. The purpose is twofold. First, we wish to check that the additional complications that are present in the method in the presence of fermions do not spoil its performance. Second, we want to compare it with the alternative momentum-space method, in which one works directly in momentum space. For this purpose, we repeat the calculation of the critical mass for Wilson fermions reported in Ref. [11] . It turns out that the coordinate-space method is quite precise, providing numerical expressions for the Feynman integrals with a precision of 10 −10 or higher. The momentum-space method also works well: although not as precise as the coordinate-space method, still the final results have a relative precision of 10 −5 . In this paper, we will consider Wilson fermions. The dressed inverse fermion propagator has the form
where, setting the lattice spacing equal to one,
The additive mass renormalization δm B is obtained by requiring
This equation can be solved in perturbation theory by expanding
In the following we shall compute Σ (1) and Σ (2) for r W = 1, gauge group SU(N), and N f fermionic flavour species. We will work in the Feynman gauge.
One-loop result
In Ref. [6] we already reported the analytic one-loop expression for the fermionic self-energy Σ L . The first computation for the Wilson action in Feynman gauge was given in Ref. [12] and it was subsequently corrected in Ref. [13] . Our result is expressed in terms of three purely bosonic Table 1 : Numerical values of the three constants Z 0 , Z 1 , and F 0 .
0.23874773756341478520
0.03447644143803223145
0.00022751540615147107 Table 2 : Numerical values of the constants appearing in the fermionic integrals.
constants-their numerical values are given in Table 1 -and of 12 numerical constants that appear in the presence of Wilson fermions, whose numerical values are given in Table 2 . Except for F 0 , we report here 20 digits, but many more can be computed, and indeed must be computed for the numerical implementation of the coordinate-space method, see Ref. [8] . In practice, we have computed all constants but F 0 with 60-digit precision [10] . These constants are defined as follows. We define the integrals
where
When one of the n's vanishes, we shall not write it. Then
while
where we have set m ≡ m f = m b . Also, in Table 2 the numerical values refer to the massless case m = 0. At one-loop order
where c
(1) i are the contributions of the two diagrams illustrated in Fig. 1 . In terms of the basic integrals defined above, they are given by
The numerical values are reported in Table 3 and compared with the results of Ref. [11] , obtained by using the momentum-space method. The agreement is excellent. Summing up the two contributions we obtain (2) −0.00792366847979057210 Table 3 : Coefficients c
i . For each of them we report in the first line the result of Ref. [11] , obtained by means of a momentum-space integration, and in the second line our result, obtained by means of the coordinate-space method.
The constant is in excellent agreement with the result of Ref. [11] , 
Two-loop result
At two loops there are 26 diagrams that have been drawn in Fig. 2 . They are numbered as in Ref. [11] in order to simplify the comparison. The i-th diagram gives a contribution of the form
3,i .
In Table 4 we report the results given in Ref. [11] and those obtained here by using the configuration-space method. When we have not reported an error, the precision we achieve is much higher than the reported digits. This occurs in general when the diagram is the product of one-loop integrals. All results are in agreement with what had been presented in Ref. [11] . Only for 
2,i and c (2) 3,i . For each of them we report in the first line the result of Ref. [11] , obtained by means of a momentum-space integration, and in the second line our result, obtained by means of the coordinate-space method. diagram 6 there is apparently a (very) small underestimation of the error, which is negligible in the sum of all contributions.
In Table 4 diagrams are grouped together in order to obtain infraredconvergent results. This is necessary for the numerical implementation of the momentum-space method. In our case, however, we have followed a different strategy considering an infrared regularization. This allows us to compute each Feynman diagram separately. We have used four different infrared regularizations:
(a) We simply introduce a regulator in the propagators as in Eq. (8) . Explicitly, for the gluon (∆ B (k)) and for the fermion (∆ F (k)) propagator we use:
(b) We regularize the gluon propagator as in Eq. (17), but use instead the correct Wilson-fermion propagator
(c) We regularize the Wilson fermion as in (a), but use the massless propagator for the gluon. where (x) refers to the chosen infrared regularization.
In Table 5 we report the result for each diagram computed in the regularization (a). As expected, the divergences cancel when the appropriate combinations of integrals are considered. The finite results are reported in Table 4 .
Then, we consider regularization (b). In Table 6 we report, for two groups of graphs, the difference D Table 5 : Results for the infrared regularization (a) at two loops. Graphs whose divergent contributions sum up to zero have been grouped together. i . Regularization (x) = (c) is obtained by taking P wil = 0, regularization (x) = (d) by taking P wil = 1. additional divergences. As expected, the sum of the terms reported in Table 6 vanishes.
As a last check, we have repeated the calculation of diagrams 21, 22, 23 using the regularizations (c) and (d). In Table 7 we give the differences D In conclusion, the coordinate-space method is a very efficient tool for the computation of (infrared-finite and infrared-divergent) two-loop Feynman integrals also in the presence of Wilson fermions. The method proposed in Ref. [9] really works.
